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ABSTRACT

Nine transformations were studied for effect
on the analysis of variance. They were ARC
TANGENT, vx, vx + vx+1, LOG,., EXP(x), INVERSE,
LOGE, SINE, and HYPERBOLIC TANGENT.

The factorial experiment used as a basis
for this study was a three factor factorial with
three levels per factor and three observations
per cell. One effect was altered by the addition
of a constant to provide one effect with a high
percentage of significant records.

The transformations were applied to obser-
vations distributed according to the following
distributions: Beta, Binomial, Erlang, Expon-
ential, Gamma, Log-normal, Normal, Poisson,
Uniform, and actual data from highway accident
damage costs. For all distributions except the
highway accident damage costs (8436), 10,000
experiments were studied.

When analysis of variance results were
compared (before and after transformation), vx
and vx + vx+L consistently changed the fewest
results. All other transformations produced
unstable results across the range of distribu-
tions, showing little effect to sometimes drastic
change according to the distribution involved.

INTRODUCTION

It has been common practice for many years
to transform raw data prior to performing an
analysis of variance in order that the assump-
tions of the analysis of variance may be more
accorately approximated; for example, see Davies
(1954), or Fryer (1966).

In addition, it is well known that the
analysis of variance tends to be robust, see
Norton (1952), under some conditions. If robust-
ness could be expected under all conditioms, a
study of the effects of transformations of raw
data would be pointless.

In a computer aided review of pertinent
literature, no single study was found concerning
the impact of various transformations on the
analysis of variance. Yet the practice of
transforming of raw data is so common as to have
been made available in various computer statis-
tical packages; for example, Biomedical Statisti-
cal Package, (Dixon, 1973).

The purpose of this study was to examine the
impact of various common statistical distribu-
tions at the .01 and .05 levels of significance
of the analysis of variance. The transformations
selected were ARC TANGENT, /x, vx + vx+l, L0Gjq,
EXP(x), INVERSE, LOGg, SINE, and HYPERBOLIC
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TANGENT, selected because of availability in BMD
(Dixon, 1973). The statistical distributions
were Beta, Binomial, Erlang, Exponential, Gamma,
Log-normal, Normal, Poisson, and Uniform, select~
ed on the basis of being available in SIMSCRIPT.
In addition to add a practical flavor to the
problem, Alabama Highway Department Accident
Damage Cost” data was included.

The factorial experiment used as a basis for
this study was a three factor (A, B, C) factorial
with three levels per factor and three observa-
tions per cell. This experiment was selected for
the following reasons:

(1) an ABC design would provide two and
three way interaction effects,

(2) three observations per cell would tend
to provide '"stability' in the cell,
(3) eighty-one observations would provide
54 degrees of freedom for test purposes
(all factors were assumed fixed),

(4) increasing the number of factors would
materially increase the number of com-
putations without materially affecting
the outcome, and

(5) 1increasing the number of observations
per cell would materially increase the
number of computations without mater-
ially affecting the outcome.

It was decided to force real significance?

on one of the effects in the experiment so that
one effect would have a relatively large percent-
age of significant records. By adding a constant
to one level of a factor, the population mean of
that level would be changed, forcing real signifi-
cance. The third level of factor A was thus
changed, except in the case of Highway (10). The
individual constants added are specified in the
discussion of each distribution.

Because it is not possible to perform all of
the transformations on a value of zero, all re-
maining zero values (after the addition of the
constant) were changed to 1.0. The only two dis-
tributions affected by this were the Binomial (02)
and Poisson (08). The exact number of values so
changed is specified in the individual distribu-
tion discussion.

The value ranges for the distributions were
purposefully kept small because of the magnitude
of values generated by transformation 06 (EXP(x)).
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This is a restriction imposed by IBM 370 hard-
ware. Any value over 18 was changed to 18. Not
all distributions had values requiring this
change but all are noted in the distribution
discussions.

BETA DISTRIBUTION RESULTS '

A random variable X is said to be distribu-
ted according to the Beta distribution of its
density function ig given by

£(x) = I'(c + 8 +2)
¥ T T+ DI+ 1)
where o and B are parameters with a > -1 and
B > -1 (Beyer, 1966, p. 18). The parameters
used were 0. = 2 and B = 2. The constant added
to force real significance of main effect A was
0.25.

Adjusted Origihal Ef fect Significant

Xa(l-x)B 0<x<1

.05 Level of Significance

Significance tests of main effect A showed
that more than 99% of all significant records
remained significant after all transformations
except 07 (Inverse). Only 73.32% remained sig-
nificant after transformation 07. This pattern
continued for all main effects and interactionms;
24-32% remained significant at the .05 level of
significance. For effects other than A, trans-
formations 05 (LOG,,) and 08 LOG_.) caused the
percentage of sign}?icant records to drop to be-
tween 59 and 64% while all other transformations
left at least 78% significant.

.01 Level of Significance

Significance tests of main effect A showed
that more than 95% of all significant records
remained significant after all transformations
except 07 (Inverse). Only 40.57% remained sig-
nificant after transformation 07. This pattern
continued for all other main effects and inter-
actions; 8-20% remained significant at the .01
level of significance. For all effects other
than A, transformations 05 (LOG 0) and 08 (LOGg)
caused the percentage of significant records to
drop to between 42 and 587 while all other trans-
formations left at least 70% significant.

Ad{justed Original Effect Not Significant

.05 Level of Significance

Effects other than A were changed to signi-
ficant less than 4% of the time by all transfor-
mations. Main effect A was affected more than
47 of the time by all transformations except 09
(SINE).

.01 Level of Significance

Effects other than A were changed to signi-
ficant less than 2% of the time by all transfor-
mations. Transformation 06 (EXP(x)) changed
12.36% to significant on main effect A. All
other transformations on A affected less than 5%
of the records.

BINOMIAL DISTRIBUTION RESULTS
A random variable X is said to be distri-
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buted accordiﬁg to the Binomial Distribution if
the probability function is given by

£(x) = (:) PR

where p + ¢ = 1 and Snl =
meters used were Tri ¥ and Probability
of Success = p = 0.5. The constant added to
force real significance of main effect A was 1.50.
To enable all transformations to be performed,
8578 observations (1.05% of the total number)

that were found to be zero after the addition of
the constant were changed to 1.0.

nl 7 The para-
xLZg—xS

Adjusted Original Effect Significant

.05 Level of Significance

Significant tests of main effect A showed
that more than 97% of all sighificant records re-
mained significant after all transformations ex-
cept 09 (SINE) and 10 (HYPERBOLIC TANGENT). Only
85.27% remained significant after transformation
09; 56.74% after transformation 10. This pattern
continued through all other main effects and in-
teractions with transformations 09 and 10 causing
less than 417 and 30% respectively to remain
significant. For all effects other than A, only
transformations 03 (VX) and 04 (¥x + /x+1) left
more than 80% significant.

.01 Level of Significance

Significance tests on main effect A showed
that four of the transformations caused less than
93% of the significant records to remain signi-
ficant. They were 06 (EXP(x)) with 84.73%, 07
(INVERSE) with 87.85%, 09 (SINE) with 65.48%, and
10 (HYPERBOLIC TANGENT) with only 15.78% remain-
ing significant. For effects other than A, only
transformations 03 (Vx) and 04 (Vx + /x+1) left
more than 75% significant.

Adjusted Original Effect Not Significant

.05 Level of Significance

Effects other than A were changed to signi-
ficant less than 6% of the time by all transfor-
mations. Main effect A was changed to significant
more than 6% of the time by all transformations
except 03 (v¥x) and 04 (Vx + vx+1).

.01 Level of Significance

Effects other than A were changed to signi-
ficant less than 3% of the time by all transfor-
mations. Main effect A was changed to significant
less than 6% of the time by all transformations
except 06 (EXP(x)) which changed 12.37%.

ERLANG DISTRIBUTION RESULTS

The Erlangian distribution of order k has as
its probability density function:
A o0 e (Parzen, 1962,

. f(t) =
p. 199). (k)

The parameters used were mean = 4 and k = 3.
There were 139 observations (.017% of the total
number) greater than 18.0 which were changed to
18.0. The constant added to force real signifi-
cance of main effect A was 2.0.



Adjusted Original Effect Significant

.05 Level of Significance

Significance tests of main effect A showed
that more than 91% of all significant records re-
mained significant after six of the transforma-
tions. However, transformation 06 (EXP(x)) left
only 6.58% significant. Transformation 09 (SINE)
left 30.657% significant and 10 (HYPERBOLIC TAN-
GENT) left 41.187 significant. For effects other
than A, only transformations 03 (Vx ) and 04 (Vx
+ vx+1 ) left more than 78% of the records sig-
nificant.

.01 Level of Significance

Significance tests of main effect A showed
that more than 95% of all significant records re-
mained significant after five of the transforma-
tions. Transformation 06 (EXP(x)) left only
1.76% significant; 07 (INVERSE) left 69.77% sig-
nificant; 09 (SINE) left 12.297% significant; and
10 (HYPERBOLIC TANGENT) left 10.18% significant.
For effects other than A, only transformations 03
(Vx ) and 04 (V/x+1 left more than 75% significant
(except for effect ABC where only 67% were left
significant). Throughout all effects, transfor-
mations 06, 09, and 10 caused the greatest loss
of significance.

Adjusted Original Effect Not Significant

.05 Level of Significance

Effects other than A were changed to signi-
ficant less than 67 of the time by all transfor-
mations. Main effect A was changed more than 25%
of the time by all transformations except 06
(EXP(x)) which only changed .41%.

.01 Level of Significance

Effects other than A were changed to signi-
ficant legs than 27 of the time by all transfor-
mations. Main effect A was changed more than 16%
of the time by all transformations except 06
(EXP(x)) which changed none, and 10 (HYPERBOLIC
TANGENT) which changed 5.097%.

EXPONENTIAL DISTRIBUTION RESULTS

A continuous random variable X assuming all
non-negative values is said to have an Exponential
distribution with parameter o > 0 if its prob-
ability density function is given by
= aeJlx, x>0
=0 elsewhere. Meyer, 1965,
p. 173. The parameter used was mean = 2. There
were 108 observations (.0137% of the total number)
greater than 18.0 which were changed to 18.0. The
constant added to force real significance of main
effect A was 2.0.

f(x)

Adjusted Original Effect Significant

.05 Level of Significance

Significance tests of main effect A showed
that only three transformations changed any sig-

4417

nificant values. Transformation 06 (EXP(x)) left
only 5.21% significant; 07 (INVERSE) left 35.67%
significant; and 09 (SINE) left 66.25% signifi-
cant. For effects other than A, only transfor-
mations 03 (Vx ) and 04 (Vx + Vx+1 ) left at least
70% significant. Transformations 06 and 07 left
less than 8% significant for all effects other
than A.

.01 Level of Significance

Significance tests of main effect A showed
that only three transformations left less than
99% significant. They were transformation 06
(EXP(x)) which left only 1.397% significant; 07
(INVERSE) which left 13.54% significant; and 09
(SINE) which left 43.96% significant. For effects
other than A, only transformation 04 (Vx + Vx+1 )
left at least 70% significant (except on effect
ABC which was only 57%). As in the .05 level of
significance above, transformations 06 and 07
left the least percentage of significant records.

Adjusted Original Effect Not Significant

.05 Level of Significance

Effects other than A were changed to signifi-
cant less than 7% of the time by all transforma-
tions. Main effect A was changed more than 317 of
the time by all transformations except 06 (EXP(x))
which changed none.

.01 Level of Significance

Effects other than A were changed to signifi-
cant less than 2% of the time by all transforma-
tions. Main effect A was changed more than 187
of the time by all transformations except 06
(EXP(x)) which changed none and 07 (INVERSE)
which changed 9.217%.

GAMMA DISTRIBUTION RESULTS

A random variable X is said to be distribu-
ted according to the Gamma distribution if its
density function is given by

1 K/B even
f(X) = -I:(—a;l)—Ba.FI Xae 0<X<

where o and B are parameters with a > -1 and B>0.
(Beyer, 1966, p. 18). The parameters used were
mean = 4 and k = 3. There were 130 observations
(.016% of the total number) greater than 18.0
which were changed to 18.0. The constant added
to force real significance of main effect A was
2.0.

Adjusted Original Effect Significant

.05 Level of Significance

Significance tests of main effect A showed
that more than 91% of all significant records re-
mained significant after six of the transforma-
tions. However, transformation 06 (EXP(x)) left
only 6.26% significant. Transformation 09 (SINE)
left 30.55% significant and 10 (HYPERBOLIC TAN-
GENT) left 40.26% significant. For effects other
than A, only transformations 03 (Vx ) and 04 (Vx



+ vx+l)left more than 75% of the records signi-
ficant.

.01 Level of Significance

Significance tests of main effect A showed
that more than 95% of all significant records
remained significant after five of the transfor-
mations. Transformation 06 (EXP(x)) left only
1.58% significant; 07 (INVERSE) left 69.297% sig-
nificant; 09 (SINE) left 11.71% significant; and
10 (HYPERBOLIC TANGENT) left 8.907% significant.
For effects other than A, only transformations
03 (Yx ) and 04 (Vx + Vx+1 ) left at least 70%
significant. Throughout all effects, transfor-
mations 06, 09, and 10 caused the greatest loss
of significance. :

Adjusted Original Effect Not Significant

.05 Level of Significance

Effects other than A were changed to signi-
ficant less than 6% of the time by all transfor-
mations. Main effect A was changed more than
21% of the time by all transformations except 06
(EXP(x)) which only changed .10%.

.01 Level of Significance

Effects other than A were changed to signi-
ficant less than 2% of the time by all transfor-
mations. Main effect A was changed more than 157
of the time by all transformations except 06
(EXP(x)) which changed none and 10 (HYPERBOLIC
TANGENT) which changed 5.06%.

LOG NORMAL RESULTS

A random variable X is said to be distribu-
ted according to the Log-normal distribution if
its probability density function is given by

f(x) - L X_le_(ln X‘G)Z/ZBZ x>0, g>0,
/2 a>0
=0 elsehwere -
(Miller, 1965, p. 77). The parameters used were
mean = 4 and standard deviation = 1. The con-
stant added to force real significance of main
effect A was 2.00.

Adjusted Original Effect Significant

.05 Level of Significance

Significance tests of main effect A showed
that more than 90% of all significant records re-
mained significant after all transformations
except 09 (SINE). Transformation 09 left 20.59%
significant. For all other effects, transforma-
tion 09 caused the greatest drop in significance.
For effects other than A, only transformations
03 (Vx ) and 04 (Vx + /x+1 ) left at least 85%
significant.

.01 Level of Significance
Significance tests of main effect A showed
that six of the transformations had no effect.

Transformation 06 (EXP(x)) left 78.74% signifi-
cant; 09 (SINE) left only 7.76% significant; and
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10 (HYPERBOLIC TANGENT) left 70.12% significant.
For effects other than A, only transformations 03
(/x ) and 04 (Vx + Vx+1) left at least 80% .signi-
ficant. Transformation 09 caused the greatest
drop in significance.

Adjusted Original Effect Not Significant

.05 Level of Significance

Effects other than A were changed to signi-
ficant less than 6% of the time by all transfor-
mations except 10 (HYPERBOLIC TANGENT). Trans-
formation 10 changed approximately 28% of all
records on effects other than ABC.

.01 Level of Significance

Effects other than A were changed to signifi-
cant less than 27 of the time by all transforma-
tions except 10 (HYPERBOLIC TANGENT). Transfor-
mation 10 changed approximately 11% of all records
on effects other than ABC.

NORMAL DISTRIBUTION RESULTS

A random variable X is said to be distribu-
ted according to the Normal distribution if its
density function is given by

1 E-(x-u)2/202
Yor ©
(Beyer, 1966, p. 18). The parameters used were
mean = 6 and standard deviation = 1. The con-
stant added to force real significance of main
effect A was 3.0.

f(x) = - o < x < oo,

Adjusted Original Effect Significant

.05 Level of Significance

Significance tests on main effect A showed
that more than 977 of all significant records re-
mained significant after all transformations 09
(SINE). Only 67.53% remained significant after
transformation 09. For effects other than A,
transformations 03 (Vx ), 04 (Vx + Vx+1 ), 05
(LOG1g), and 08 (LOGE) left at least 76% of the
records significant. Transformation 09 continued
to cause the greatest drop in significance for all
effects (except ABC which was reduced to zero
significant records by transformation 10 (HYPER-
BOLIC TANGENT)).

.01 Level of Significance

Significance tests on main effect A showed
that more than 96% of all significant records re-
mained significant after all transformations ex-—
cept 09 (SINE). Only 42.36% remained significant
after transformation 09. For effects other than A
transformations 03 (V%) and 04 (Yx + /x+1) left at
least 76% of the records significant. Effect ABC
had all significant records changed by transforma-
tion 10 (HYPERBOLIC TANGENT) which left 67-97%.

Adjusted Original Effect Not Significant

.05 Level of Significance



Effects other than A were changed to signifi-
cant less than 8% of the time by all transforma-
tions except 10 (HYPERBOLIC TANGENT). Transfor-
tion 10 changed no records on effect ABC but
changed 69-997% of records for other effects.

.01 Level of Significance

Effects other than A were changed to signifi-
cant less than 4% of the time by all transforma-
tions except 10 (HYPERBOLIC TANGENT). Transfor-
mation 10 changed no records on effect ABC but
changed 67-987% of records for other effects.

POISSON DISTRIBUTION RESULTS

A random variable X is said to be distributed
according to the Poisson distribution if its prob-
ability function is given by

-m X

fx) = Ex!m

m>0, 1, 2, *°°

(Beyer, 1966, p. 19). The parameter used was

mean = 4. The constant added to force real
significance of main effect A was 2.0. To enable
all transformations to be performed, 9972
observations (1.23% of the total number) that were
found to be zero after the addition of the con-
stant were changed to 1.0.

Adjusted Original Effect Significant

.05 Level of Significance

Significance tests of main effect A showed
that more than 977 of all significant records re-
mained significant after six of the transforma-
tions. However, transformation 06 (EXP(x)) left
only 26.31% significant; 09 (SINE) left 8.55%
significant; and 10 (HYPERBOLIC TANGENT) left
36.39% significant. For effects other than A, the
above three transformations caused the greatest
loss of significance. Transformations 03 % )
and 04 (Vx + V/x+1 ) were the only ones to leave
more than 807 significant on all effects.

.01 Level of Significance

Significance tests of main effect A showed
that at least 90% of all significant records re-
mained significant after five of the transforma-
tions. Transformation 06 (EXP(x)) left only 9.78%
significant; 07 (INVERSE) left only 79.91% signi-
ficant; 09 (SINE) left 2.04% significant; and 10
(HYPERBOLIC TANGENT) left 9.30% significant. The
above four transformations caused the greatest
loss of significance for all effects. Transfor-
mations 03 (Vx ) and 04 (Vx + Vx+1 ) were the only
transformations to leave at least 68% of all
effects significant.

Adjusted Original Effect Not Significant
.05 Level of Significance

For all effects other than A, less than 77 of
the records were changed by all transformations.
For main effect A, all transformations changed
more than 15% of the records except 06 (EXP(x)).
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.01 Level of Significance

For all effects other than A, less than 3%
of the records were changed by all transforma-
tions. For main effect A, all transformations
changed more than 127 of the records except
06 (EXP(x)) which changed none; 09 (SINE) changed
3.55% of the records and 10 (HYPERBOLIC TANGENT)
changed 3.95% of the records.

UNIFORM DISTRIBUTION RESULTS

A random variable is said to be distributed
uniformly over the interval [a,b], where both a
and b are finite, if its probability density
function is given by

f(x)

B e <x<h

=0, elsewhere
(Meyer, 1965, p. 64). The parameters used were
lower bound = a = 1 and upper bound = b = 5. The
constant added to force real significance of main
effect A was 1.0.

Adjusted Original Effect Significant

.05 Level of Significance

Significance tests of main effect A showed
that more than 977 of all significant records re-
mained significant after all transformations
except 09 (SINE) and 10 (HYPERBOLIC TANGENT).
Transformation 09 left 61.26% significant; 10 left
80.68% significant. For effects other than A,
the above two transformations caused the greatest
drop in significance. For all effects only trans-
formations 03 (v ) and 04 (Vx + vVx+1 ) consis-
tently left at least 85% of the records signifi-
cant.

.01 Level of Significance

Significance tests of main effect A showed
that five of the transformations left more than
95% of the records. However, transformation 02
(ARC TANGENT) left 88.39% significant; 07
(INVERSE) left 84.24%; 09 (SINE) left 40.70%; and
10 (HYPERBOLIC TANGENT) left 36.52%. For effect
other than A, only transformations 03 (vVx ) and
04 (V/x + vx+1 ) left more than 79% of the records
significant.

Adjusted Original Effect Not Significant

.05 Level of Significance

For effects other than A, less than 6% of the
records were changed by all transformations. Main
effect A was changed more than 67 of the time by
all transformations except 09 (SINE) which only
changed .10%.

.01 Level of Significance

For effects other than A, less than 3% of the
records were changed by all transformations. Main
effect A was changed more than 6% of the time by
all transformations 02 (ARC TANGENT), 06 (EXP(x)),
07 (INVERSE), and 10 (HYPERBOLIC TANGENT).



HIGHWAY DISTRIBUTION RESULTS and actual data from highway damage costs. For
all distributions except the highway accident

The distribution was generated from actual damage costs (8436), 10,000 experiments were
highway accident damage costs as estimated by in- - studied.
vestigating officers. The observations were ob-
tained by reading the Alabama Highway Department When analysis of variance results were com-
accident file. Each observation was divided by pared (before and after transformation), vx and
1000 so amounts could be transformed by 06 VX + /x+1 consistently changed the fewest re-
(EXP(x)). A frequency table of observation (ex- sults. All other transformations produced un-
pressed in thousands of dollars) is found in stable results across the range of distributions,
Table 1. After the above coding, 353 observa- showing little effect to sometimes drastic change
tions (.05% of the total number) were found to be according to the distribution involved.
greater than 18.0 and were changed to 18.0.
There was no constant added in this distribution BIBLIOGRAPHY
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The transformations were applied to obser-
vations distributed according to the following
distributions: Beta, Binomial, Erlang, Exponen-
tial, Gamma, Log-normal, Normal, Poisson, Uniform
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